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Abstract. We give a simple proof of Bourgain’s theorem on the singularity of Ornstein’s maps. 


Setting and proof. Let (rrij), {tj) be a sequence of positive integers, and let (O, A, P) be the probability 
space associated to Ornstein’s construction, that is, 

+ 00 +O0 Pj — 1 

^ = p = (g)(g)Wfe, 

j=l j=l k=l 

where Lik is the uniform measure on | — tj, - ■ ■ ,tj ^. 

We want to prove the following theorem due to Bourgain [2] . 

For almost all to £ fl, the spectral type p,u) of the rank one map is singular. 


Recall that is the weak-star limit of the following sequence of probability measures 

N 


(nig+^)i+A) 


i=i 

where A is the Lebesgue measure and for each j G N*, 


N>1 


mj-1 




njfi{u!) = 0 and for fc > 1, nj_fe(a;) = k{hj + tj) + Xj^ki^) = k{hj -|- tj) + ujj^k- 
We further assume that the sequence (mj) is unbounded. Therefore, by Theorem 5.2 in [I], combined with 
the uniform integrability of the sequence JllLi z:)\, we have 


N I - 


■dzdlP, 


We further have 


lim 

j ->-1-00 _ 


Pj{u;, z)\dFdz = lim / \Pj{u!, z)\dFdz =--y/TT, with Pj{uj,z) = Pj{uj,z) — / Pj{ui,z)d!F. 


i —>-i-oo 


The last equality follows from the classical Lindeberg’s central limit theorem (CLT)0 combined with Lebesgue 
dominated convergence theorem and the uniform integrability of the sequence {\Pj(uj, ^)|)j>o under dz 0 P. 
We thus get 

/ / W\P3{^^z)\dFdz= /" n / \PA^^^)Wdz > 0- 

J J ^ j _ j _ ' 


Whence 


and the proof is complete. 


dpiu. 

dX 


dzdF = 0, 


□ 


*The reader need not be familiar with Ornstein’s construction neither with the spectral theory of dynamical systems, 
f Normandy University, University of Rouen Department of Mathematics, LMRS UMR 60 85 CNRS, Avenue de I’Universite, 
BP.12, 76801 Saint Etienne du Rouvray - France . 

^It is an easy exercise to check that the Lindeberg condition holds under dz (g) dF. 
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★More details. 


Notice that 

\Pjiuj,z)\ - \Pj{u;,z)\ 


a Jt 


dzdP < 


< 


Pm{u!,z)dF 


dz = 


m —1 


— V 


,p{hm+tm) 


P—0 


. tm 

-tY.^ 


tm + 1 


s=0 


dz 


m — 1 


1 y ^p{h^+t^) 

'ill 


— 

^ 1 


tm + 1 


p=0 s=0 

The last inequality is due to the Cauchy-Schwarz inequality. This gives 
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Since 


- m — 1 

— V 

^rri 


Mhm+t 


Pjiuj,z)\ - \Pj{uj,z)\ 

- m—1 


dzdF < 


y/tm + 1 


> 0 . 


P—0 


P—0 


= 1, and 


. t™ 

—E^ 

-I- 1 


^m E 1 


s=0 


2 y/^m H" 1 


► On the proof of Theorem 5.2. in “Calculus of Generalized Riesz 
Products” pages 158-162. 

The proof of Theorem 5.2. is self-contained and goes as Follows. 

• Using Cauchy-Schwarz inequality, we establish that \ — is a weak limit of the sequence of T^-functions 

V dX 

n 

i=i 


We take advantage of the following formula 


where 


Rn = Y[\PAz)\ 

J = 1 


/i — 


and 


-hoc 

dUn = \Pj{^)\ 

j=n+l 


and we prove that any weak limit (j) of the sequence \ —— satisfy 0 < ^ < 1. Finally, we deduce that 

V dX 

the limit of the sequence 


dfin 


r? / dp 


IS zero. 


► On the CLT argument. 


Xm{iO,z) = V 

\/Vm. , _ ^ ./o 


It is easy to see that Lindeberg’s condition holds for the sequence of the random variables 

PTn~l 

k=Q 

We thus get that (Xm(a;, z)) converge in distribution to the complex normal distribution under dz 0 dF. 
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